The iterated 3-prism P r n 3 is the cartesian product C 3 2P n of a 3-cycle and an n-vertex path. At each end of the iterated 3-prism, there is a 3-cycle whose vertices are 3-valent in C 3 2P n . The iterated 3-wheel W n 3 is obtained by contracting one of these 3-cycles in C 3 2P n+1 to a single vertex. Using rooted-graphs, we derive simultaneous recursions for the partitioned genus distributions of W n 3 and a formula for the genus distribution of the graphs P r n 3 . A seemingly straightforward way to construct either the sequence of iterated prisms P r n 3 or the sequence of iterated wheels W n 3 , would be by iterative amalgamation of a copy of C 3 2K 2 , such that a copy of C 3 contained in it is matched to the "newest" copy of C 3 in the growing graph. Calculating genus distributions for the sequences would then involve an excessively large set of simultaneous recurrences. To avoid this, we propose a method of iterative surgery, under which the same vertex is considered a root-vertex in all graphs of the sequence, and in which the successive calculations of genus distributions require only four simultaneous recurrences. We also prove that the genus distribution of P r n 3 not only dominates the genus distribution of W n−1 3 , but is also dominated by the genus distribution of W n 3 .
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Introduction
In this paper, the rooted-graphs method is used for computing genus distributions of the iterated 3-prism P r n 3 , i.e., the cartesian product C 3 2P n of the 3-cycle C 3 and the path graph P n . This is made possible by reducing the problem of computing genus distributions of P r n 3 to the problem of computing genus distributions of the iterated 3-wheel W n−1 3 obtained by contracting one of two cubic 3-cycles in P r n 3 , for n ≥ 2, to a single vertex. Figure 1 .1 shows the iterated 3-prisms P r n+1 3 and the iterated 3-wheels W n 3 for n = 1, 2, and 3. and iterated 3-wheels W n 3 for n = 1, 2, 3.
The motivation for obtaining genus distributions of iterated 3-prisms via genus distributions of iterated 3-wheels stems from the observation that subdividing the edges incident with a particular vertex of the iterated 3-wheel and adding an edge between the subdivision vertices yields the iterated 3-prism, as shown in Familiarity with fundamentals in topological graph theory is assumed (see [7] or [22] ). Graphs are assumed to be connected and graph embeddings are assumed to be 2-cellular. The genus distribution of a graph is the sequence of the number of its 2-cellular embeddings in each orientable surface. It may be written as a sequence g 0 , g 1 , g 2 , · · · or as a polynomial g 0 + g 1 x 1 + g 2 x 2 + · · · . A closed walk along the boundary of a face is known as a face-boundary walk. We abbreviate a face-boundary walk as fb-walk. An open subwalk of an fb-walk is known as a strand and a minimal open sub-walk of an fb-walk that starts and ends at a vertex v, with no intermediate occurrences of v, is called a v-strand.
A single-vertex-rooted graph, or more simply a single-rooted graph, is a graph in which any vertex is designated a root-vertex. The notation (G, v) is used to signify that the vertex v serves as the root-vertex of the graph G. Analogously, a double-rooted graph is a graph with any two vertices designated as roots. The rooted-graphs method has also been used with edges and sub-graphs serving as roots. In this paper, however, we assume that any reference to a root is a reference to a root-vertex.
The problem of computing genus distributions was first introduced in [5] . Since then genus distributions have been computed for various families of graphs using different techniques (see, for example, [15] , [16] , [9] , [1] , [10] , [17] , [12] , [18] , [11] , [2] , [20] , [19] , [21] , and [3] ). More recently, techniques for finding partitioned genus distribution of rooted-graphs have been developed in [6] , [4] , [13] , [8] and [14] for calculating genus distributions of large classes of graphs. In contradistinction to all previous results, where each graph operation results in one or more new root-vertices in the resulting graph, this paper has the novel feature that the same root-vertex is retained as a root for each graph W n 3 , for successive values of n.
In §2, we introduce some machinery for obtaining recurrences for partitioned genus distribution of the graph W . In §3, a formula for the genus distribution of P r n 3 is derived in terms of the partitioned genus distribution of W n−1 3 . It is also shown that genus distribution of P r (ii) the subdivision vertices are made pairwise adjacent by adding three new edges.
The vertex v is retained as the root-vertex for W . Thus, W n+1 3 has three more vertices and six more edges than the graph W n 3 . This is illustrated in Figure 2 .1. We refer to this operation as rim-insertion. 
Partials and Partitioned Genus Distribution
In any given embedding ι of the graph (W n 3 , v), the trivalent root-vertex v occurs exactly thrice in the fb-walks of the regions of the embedding, giving rise to three v-strands. Based on how the three v-strands stand in relation to each other, the vertex v may occur once or twice or thrice in the same fb-walk. As illustrated in Figure 2 .2, the embeddings of (W n 3 , v) on the surface S i can be classified into the following four types:
• Type a: root-vertex v occurs in three distinct fb-walks.
• Type b: root-vertex v occurs twice in one fb-walk and once in another fb-walk.
• Types c and c : root-vertex v occurs thrice in the same fb-walk. The two ways in which this can happen are shown in Figure 2 .2.
These four types are referred to as partial-types. The number of embeddings of the graph W The partitioned genus distribution of the graph W n 3 is the set of sequences of its partials for each orientable surface. Clearly, summing the partials for each orientable surface would yield the genus distribution of the graph. Like the genus distribution sequence, the partitioned genus distribution sequence may also be written as a polynomial.
Example 2.1. The partitioned genus distribution of the 3-wheel W 1 3 is 2a 0 + 12b 1 + 2c 1 which implies that its genus distribution is 2 + 14x.
Productions for the Rim-Insertion Operation
It is evident that for each embedding ι w of the graph W , produced as a consequence of applying rim-insertion to an embedding of W n 3 , into their respective partial-types. The productions for each of the four partial-types are given in Theorem 2.2. A production is symbolically written as:
y ranges over all sub-partial types with ∆∈{0,1,2}
Each such production can be construed as signifying that any embedding of W n 3 of partial-type x and genus i, as a result of rim-insertion, produces exactly α yi+∆ embeddings of W n+1 3 having partial-type y and genus i + ∆. For each such production, the sum of all coefficients α yi+∆ on the right-hand-side is 216.
We refer to the left-hand-side of a production as the antecedent and the right-hand-side of a production as the consequent.
Remark 2.1. If instead of the rim-insertion operation, the edges of a new rim are added one at a time, the rim-insertion operation breaks into three stages. The first stage consists of joining two of the three subdivision vertices, inserted on the edges incident on the root, resulting in a 4-fold increase in the number of embeddings. The second stage consists of a subsequent 6-fold increase in the number of embeddings from joining a trivalent vertex to a bivalent vertex, and the third stage consists of a further 9-fold increase from joining two trivalent vertices. Such a breakdown of the rim-insertion operation into three distinct operations has the disadvantage that a different definition of production has to be used for each of these three operations, leading to three sets of productions and three sets of simultaneous recursions corresponding to these sets of productions. It would require a considerable amount of effort to reduce the three sets of simultaneous recursions to the single set of simultaneous recursions of Corollary 2.3. , v) whose partial-types and genera are specified by the following productions:
Proof. Subdividing the edges incident on the root-vertex of W n 3 does not change the partialtype of the resultant graph embedding. All fb-walks other than the ones containing the root-vertex remain unchanged. The fb-walks incident on the root-vertex are changed only by the introduction of occurrences of the subdivision vertices. Similarly, the edge-ends of the three new edges (added as part of the rim-insertion) are inserted into faces incident on the root-vertex. Consequently, only the fb-walks incident on the root-vertex undergo any change.
Each fb-walk incident on the root-vertex can be viewed as being constituted from strands passing over the root and over one or more subdivision vertices. The addition of the three new edges in effect breaks an fb-walk into strands which recombine with each other and with traversals of the new edges to generate new fb-walks, as shown in Figure 2 .3 for partial-type a. Figure 2 .3 does not account exhaustively for all 216 embeddings and is meant only as an illustration of the point in fact. The embedding types produced in the cases shown are of types a, b, c , and c from left to right, respectively. Notice, that in the first case the three fb-walks incident on the root break into strands that recombine to produce three additional faces. Since there are three additional vertices, six more edges and three more faces, it follows by the Euler-polyhedral equation that the genus of the resulting graph embedding is identical to the genus of the original graph embedding prior to rim-insertion. In the remaining three cases shown, there is one less face resulting in a graph embedding with a genus increment of two. This accounts for the four terms a i , b i+2 , c i+2 , and c i+2 in the consequent of Production (2.1). Derivations of the remaining contributions to the consequent are similar, and the number of drawings needed, if one proceeds by hand, can be reduced by consideration of symmetries. In the upper half of the figure, the placement of the strands is such that for each way of choosing the unknown rotation, represented by the empty box, the same type of embedding will be produced for all three models. Similar is the case for the three models shown at the bottom. Such symmetries can simplify the derivation of the Productions (2.1)−(2.4).
To organize the efforts for deriving the 216 partial-types in the consequent of the productions, we consider the derivation of Production (2.4). We regard the rotations at the vertices v 1 , v 2 and v 3 in the inserted rim of the embedding model of Figure 2 .5 as the canonical set of rotations. In summary the following types of embeddings are accounted for:
• One embedding of type a i for the canonical set of rotations in Figure 2 .5.
• From principle (i) 6 embeddings of type a i and 9 embeddings of type b i+1 .
• From principle (ii) 12 embeddings of type a i and 63 embeddings of type b i+1 .
• From principle (iii) 8 embeddings of type a i , 90 embeddings of type b i+1 and 27 embeddings of type c i+1 .
The sum of the number of embeddings for each partial-type obtained above accounts for the consequent of Production (2.4). The proofs for the remaining productions can be organized along similar lines. For brevity, detailed proofs of the given productions are omitted. ] in the consequents of Productions (2.3) and (2.4), respectively, contribute to the terms in Equation (2.5) containing partial-types c and c , respectively.
Recurrences (2.6)−(2.8) can also be obtained by transposing the productions in a similar manner.
The reader may observe the similarity between Equations (2.5) and (2.7). In fact, as the following result shows
. Corollaries 2.1 and 2.6 are given for the interested reader and will not be used later. 
(by inductive hypothesis)
Remark 2.5. Corollary 2.6 below shows that the genus distribution sequence of an iterated 3-wheel is dominated by the genus distribution sequence of the successive member of the family of iterated 3-wheels. All iteratively defined graph families do not necessarily exhibit this characteristic. For instance, the edge-amalgamated open chains containing one, two and three copies of K 3,3 , respectively, have rising minimum genus [13] . Proof. By re-arranging the terms, Equation (2.5) may be re-written as
, for all i ≥ 0. By using the Heffter-Edmonds face-tracing algorithm the partitioned genus distribution of W 
Genus Distributions of W
The partitioned genus distribution of W 2 3 and the genus distribution obtained from it is listed in Table 2.1. 
Genus Distributions of Iterated 3-Prisms
Subdivision of any two edges incident on the root-vertex v of (W n−1 3
, v), and adding an edge between the subdivision vertices produces the graph (P r n 3 , v). For the rest of this section, we use the term edge-addition to refer to this particular operation. Each embedding ι w of (W n−1 3 , v) induces four embeddings of (P r n 3 , v) under edge-addition. The partialtypes of the four embeddings of P r n 3 produced are determined by the partial-type of the embedding ι w .
Productions for Edge-Addition
Akin to productions for rim-insertion, one can also define productions for other graph operations. In what follows, we derive productions for the edge-addition operation: , v) of partial-type a, c or c undergoes the edge-addition operation to produce (P r n 3 , v), the types of embeddings of P r n 3 produced are specified by the following productions:
Proof. In any given embedding of W n−1 3 of type a, subdividing the edges incident on the root-vertex ensures that each pair of subdivision vertices occurs in exactly one of the fbwalks incident on the root-vertex. Because of this symmetry, for any choice of subdivision vertices adding an edge between them results in the same type of embeddings. As illustrated in Figure 3 .1, the partial-types and genera of the embeddings produced as a result are specified by Production (3.1). , v) of partial-type b undergoes the edge-addition operation to produce (P r n 3 , v), the types of embeddings of P r n 3 produced are specified by only one of the following two productions:
Proof. Let ι be a type b embedding. The left-hand-side of Figure 3 .4 illustrates how subdividing the three edges incident on the root-vertex produces the subdivision vertices v 1 , v 2 and v 3 such that the fb-walks incident on the root-vertex are (v 1 * v 2 * v 2 * v 3 * ) and (v 3 * v 1 * ), where * represents zero or more occurrences of vertices other than the subdivision vertices. Figure 3 .4 illustrates the case when an edge-addition takes place between v 1 and v 2 . By symmetry, this is also true for the case when an edge is added between v 2 and v 3 . Both cases correspond to Production (3.4). , v) undergoes the edge-addition operation, the genera of the embeddings of P r n 3 produced are specified as follows:
Proof. Productions (3.6), (3.8) and (3.9) follow directly from Theorem 3.1. Production (3.7) follows from Theorem 3.2, as an embedding of W n−1 3 of partial-type b and genus i in all cases produces two embeddings of P r , v), the genus distribution of the graph P r Proof. This follows by transposing the productions in Corollary 3.3.
Remark 3.5. It may be observed that the genus distribution sequence of P r n 3 also dominates the genus distribution sequence of W n−1 3 . Table 3 .1: Genus distributions of P r n 3 , for n = 5, 6, 7, and 8. g i P r 5 3 P r 6 3 responding increase in the size of the productions and partials, with definitions of partials based on integer partitions analogous to the way they have been defined in [8] .
Some questions raised by this paper are as follows:
1. In keeping with the strong unimodality conjecture, genus distributions of iterated 3-wheels W n 3 and 3-prisms P r n 3 , that were computed for small values of n, were found to be log concave. Can the recurrences for the partials be analyzed for affirming the log concavity of genus distributions for these families?
2. It can also be observed from Tables 2.1−2.4 that for some small iterated 3-wheels the mode of the genus distribution is either the maximum genus or one less than the maximum genus. For larger n, the mode seems to migrate backwards. Our empirical evidence suggests that for large n, the ratio of the maximum genus of W , there is a way to embed this edge in a way that subdivides a face. For the same reason, it is also clear that if we were to take an arbitrary graph G with a 3-valent vertex, then subdividing any two edges incident on the 3-valent vertex and adding an edge between the subdivision vertices, results in graph whose genus distribution dominates the genus distribution of G. The result does not generalize to graphs with edges that do not share a 3-valent endpoint. For instance, a dipole D 4 has 6 planar embeddings, but subdividing two edges and adding an edge between the subdivision vertices produces a graph with 4 planar embeddings. Similarly, the result does not generalize to the case where the edges being subdivided do not share a common endpoint, for instance, it is possible to subdivide two edges of the planar circular ladder CL 3 and add an edge between the subdivision vertices so as to produce a homeomorphic copy of K 3,3 in the resultant graph. It would be interesting to have general results that characterize the operations that, when applied to a graph, produce graphs whose genus distributions dominate that of the original graph.
